Abstract-This paper deals with the two-dimensional (2D) finite-element (FE) and magnetic-equivalent-circuit (MEC) modelling of an existing 10 kW brushed wound-field DC machine, taking magnetic cross-saturation into account. The 2D FE model allows to thoroughly investigate the demagnetizing effect of the armature current on the pole flux and the cross-saturation effect on the field and armature-winding flux linkage. A minimum-topology MEC, allowing for these effects is proposed. Some of the reluctances are fitted stepwise using the FE model. It is shown that the simple MEC generates comparable results also at no-load and load conditions, but with highly reduced computational costs. All numerical results are validated experimentally.
I. INTRODUCTION
With the development of static power converters, the use of brushed DC machines in industry has declined and the related research work has become scarce and essentially focused on small-power and PM machines or on AC applications as universal motors. DC motors remain, however, much used for specific (such as automotive) applications [1] , [2] . Furthermore, they still benefit from an important didactic interest for the teaching of basic principles of electrical machines.
In the classical equivalent-circuit model of DC machines the field-and armature-winding inductances are supposed constant or dependant on the corresponding current, while the back electromotive force (back EMF) is considered varying with speed (proportionally) and with field current (linearly or not). All three parameters can be obtained from both measurements or finite-element (FE) analysis. This equivalent circuit model is, however, not sufficient if armature reaction and commutation effects have to be taken into account. Advanced models, based on the geometry of the machine, can be realized using FE analysis (FEA), as presented in [1] and [3] for brush-fault detection and cogging torque reduction respectively. This technique is also used in [4] to model the commutation process of universal motors. FEA generates accurate results if the machine (geometry, Y. Mollet, G. Barbierato and J. Gyselinck are with the Bio-, ElectroAnd Mechanical Systems (BEAMS) Department of the Brussels School of Engineering, Université Libre de Bruxelles, Brussels 1050 Belgium (e-mail: yves.mollet@ulb.ac.be). materials) is perfectly known and if the chosen hypotheses (e.g. 2D) are valid, but is computationally expensive [5] .
Therefore, analytical models have been developed in the literature to describe the air-gap flux density distribution, depending on the inductor type, on the armature current amplitude and on the dimensions of the machine. Such models are developed in [6] for universal motors, with focus on commutation, and in [7] for permanent-magnet (PM) brushless machines. This method is fast, but is not always reliable [5] .
Besides these two techniques magnetic equivalent circuit (MEC) modelling (considering a lumped magnetic network) can be regarded as a trade-off solution that combines relative accuracy with very low computational costs [8] . This technique is developed in [5] and compared to FEA and analytical models, using the example of a 3-phase rotating-field machine. In [9] , it is compared to FEA and to experimental measurements for prediction of back-EMF and torque for PM and wound-field DC machines, slotting effects and saturation being taken into account. Detailed MEC models are presented in [10] , [11] for doubly-salient PM machines, taking saturation and armature reaction into account. Different rotor positions are considered and the nodal-based formulation is chosen, since the number of nodes is constant (unlike the number of branches). Results are compared to FEA in [10] and to measurements in [11] . The technique is also used in [2] in an fitting process for the design of PM DC machines, with a focus on commutation, but FEA is finally preferred because of better accuracy.
The present paper compares FEA and MEC modelling with focus on armature reaction and cross-saturation in an existing brushed wound-field DC machine. Since the commutation process and the slotting effect are here not investigated, the MEC model is simplified compared to [9] by considering only two reluctances per pole for the zone of the rotor teeth and slots. This allows for a considerable reduction of the number of loops in the circuit and avoids the construction of several models for the different rotor positions, making possible a future implementation on Simulink to check the stability of the machine in various working conditions. Both models are validated experimentally in no-load and load conditions. Table I The 2D FE model of the studied DC machine is created using FEMM (Finite Element Method Magnetic) [12] . A general picture of the FE model with the calculated no-load flux density and paths at nominal field current is presented in Figure 3 . 
B. No-load curve
A thorough study of the existing DC machine requires the fitting of some parameters of the model, such as the BH curve of the materials (cast iron for the stator yoke and laminated electrical steel for the rest of the machine) and the air-gap width. This would allow the match of the calculated no-load curve (back-EMF E a in function of the field current I e ) with the measured one. In order to avoid a two-branch measured curve (cf. Figure 4 ) coming from the remanent magnetization (neglected in FEA), the machine is first demagnetized before the test is performed according the first magnetization curve of the iron. This preliminary process consists in supplying the field winding with decreasing alternating current, reducing the area of the hysteresis cycle at each period [13] . During the subsequent no-load test, a low value of remanence (2.6 V at 1000 rpm) is obtained. Therefore, the measured noload curve can be considered as very close to the first magnetization curve.
The fitting process is performed in two stages. The noload curve is first modelled with a curve described by the following equation, derived from [14] :
Starting from a first guess of g 1 = 1, g 2 = 1 and g 3 = 1, curve fitting is performed on the measured points, leading to g 1 = 0.779, g 2 = 0.043 and g 3 = 1.240.
The use of a smooth remanence-free curve for modelling the no-load curve has two advantages. The former consists in having a smooth function instead of discrete measured values, making the following fitting procedures much easier and preciser. The latter allows to cancel the remaining magnetic remanence in the measured curve. Figure 4 shows the result of the fitting by superimposing the no-load measurements (before and after demagnetization) with the fitted function.
C. Fitting of the FE model
The fitted curve is then used as a reference for the second stage, consisting of fitting the 2D FE model by adjusting the air-gap width and the BH curves of the cast iron and of the electrical steel used in the model. These BH curves are constructed considering the following expression of the reluctivity ν [14] :
with H the magnetic field expressed in A/m, B the magnetic flux density in T, h 1 and h 2 in A/(mT), h 3 in T −2 . The initial air-gap value is set according to the drawings (2 mm). The initial values of the BH curve parameters are fixed by fitting equation (2) on magnetization data available in [15] for cast iron and electrical steel. The resulting initial h 1 , h 2 and h 3 parameters are 120.47, 279.07 and 1.64 for cast iron and 3.0066, 0.056957 and 2.7534 for electrical steel.
The fitting procedure results in an air gap increased to 2.56 mm and in the fitted parameters h 1 = 141.21, h 2 = 810.01, h 3 = 0.6312 for the cast iron and h 1 = 3.98, h 2 = 0.0587, h 3 = 3.09 for the electrical steel. The fitted BH curves are shown in Figure 5 , whereas the no-load curve calculated after the fitting is shown in Figure 6 .
D. FE calculations and results
The flux pattern obtained at no-load and at rated load with the fitted FE model are presented in Figure 7 . The corresponding magnetic flux density in the air gap B ag is shown in Figure 8 .
The pole flux Φ p is obtained integrating the flux density B ag over the rotor surface S ag , modelled as a quarter cylinder with radius r ag (average air-gap radius) and height L z (axial dimension of the machine, constant in this 2D analysis). Load tests are also carried out to validate the FEA model. The generating mode (feeding a resistive load) is chosen in order to avoid distorted waves by the use of power electronics, while the nominal speed (1000 rpm) is imposed via the prime mover. Figure 11 compares the measured and the computed EMF of the machine, and as it can be observed, a reasonable match is reached. 
III. MAGNETIC EQUIVALENT CIRCUIT

A. Principle and equations of the MEC
The Kirchhoff equations governing the MEC can be solved by means of either the nodal-or the mesh-based formulations. The former considers the flux produced by coils or magnets as the input to compute the magnetic potential of each node, while in the latter a number of independent loops are defined and the associated loop fluxes are computed with imposed magnetomotive forces. The mesh-based method has been observed to be more efficient in presence of saturation [16] .
The mesh-based formulation of the MEC is developed and used in the present paper. Such a lumped magnetic circuit consists of reluctances R and magnetomotive force (MMF) sources F. Each reluctance is characterized by a (non-linear) relation F = R(Φ) Φ between the MMF drop and the flux Φ. It can also be geometrically defined by flux path length l and cross-section S = w L z (with w the equivalent width) and characteristic reluctivity function ν,:
with ν(B) function of the flux density B and B linked to the flux Φ (B supposed uniform in the considered reluctance of the MEC) by the relation:
The magnetic circuit can therefore be described by a system of equations, that can be written in the following matrix form: 
where [ΔΦ 
Considering the geometrical quantities, it can also be defined as:
where ν d is the differential reluctivity. Using equation (2), it is possible to write ν d as:
Using equations (2) and (3) on the one hand and (9) and (10) on the other hand, the chord and the differential reluctances can be calculated.
B. Topology of the MEC
The symmetry of the machine allows to limit the MEC to one pole pair. Figure 12 shows the reluctances and the MMFs assigned to represent every part of half of the machine (poles k and k + 1). The machine is unwrapped for clarity reasons.
For each pole k the representation in the MEC of the reluctances of the stator yoke (R (Figure 13 ). Since the chosen MEC presents one path only, F a can be represented with an equivalent number of armature conductors αn a (with α ∈ [0, 1] to be obtained through fitting) placed within the loops 8 and 10 for poles k and k + 1 respectively (see Figure 12 ).
C. Fitting of the parameters of the MEC
Due to the complexity of the flux pattern and the nonuniform magnetic flux density in some regions of the machine (pole corners, rotor teeth and slots, and rotor yoke), the identification of the parameters of the MEC are not straightforward. Therefore, a fitting algorithm, comparing FE and MEC results, adjusts the characteristic lengths and widths of the reluctances (3) (except for the ones related to the air gap).
Concerning ν the same function is used as for FEA in the present paper, i.e. equation (2) . The MEC is fitted in four steps, the three first ones considering a zero armature current. All the fittings performed in this study are accomplished using the Nelder-Mead simplex algorithm embedded in the Matlab functions f minsearch and f minsearchbnd. First, the air-gap reluctances are calculated. In order to compensate for the absence of slots in the rotor, the equivalent air-gap width is computed by multiplying the geometrical air-gap width with Carter's factor. This factor is calculated, using the FE results, as the ratio between the peak and the average air-gap flux density under one pole, as explained in [17] . Carter's factor is equal to 1.1623 in the present case. The air-gap reluctances are no more modified during the following steps.
Second, the characteristic sections and lengths of the reluctances are estimated from the geometry of the machine and used as initial values for the fitting. Moreover, for each dimension l or w, an upper and a lower limit are expressed in order to obtain coherent results.
Third, a stepwise fitting is performed, considering each single reluctance and neglecting the others (except the one of the air gap) by increasing the magnetic permeability μ F e of the iron, by a factor of 10 3 . Finally, all the parameters of the reluctances (except the one of the air gap) are fitted simultaneously to minimize the global error. The factor α is tuned at the same time and stabilizes at 0.425. Figure 14 shows the pole flux Φ p as a function of I e and I a obtained with either FE model (solid lines) or fitted MEC (asterisks). A very good agreement is observed in both unsaturated and saturated cases.
IV. CONCLUSIONS
In this paper a brushed wound-field DC machine has been studied using FE and MEC models, having paid particular attention to the effect of the saturation on the pole flux and on the field and armature winding flux linkages. It has also been highlighted that the presented non-linear but simplified MEC gives very similar results with much lower computational cost compared to FEA, thanks to an adequate fitting of the circuit parameters with FEA and experiments. Moreover, experimental tests have been carried out in order to retrieve no-load and load curves for the fitting of the FE model and the validation of both FE and MEC models respectively. The integration of the presented MEC in an advanced DC-machine model in Simulink to check the stability of such machine in various working conditions will be investigated in a future paper. Further identification of the model directly from experimental data and adaptations of the proposed MEC to model other types of machines (e.g. wound-field synchronous machines or PM motors) are also envisaged.
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